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Vortex-state-mediated Josephson effect
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The Josephson effect is a kind of macroscopic quantum phenomenon that supercurrent flows
through a Josephson junction without any voltage applied. We predict a novel vortex-state-mediated
Josephson effect in an SNS Josephson junction supporting vortices. The vortex-state-mediated
supercurrent is enhanced or reduced significantly in magnitude depending on the junction length, and
exhibits several steps with the number of effective propagating channels in current-phase evolution at
zero temperature. At finite temperatures, these supercurrent steps persist in the short junction limit,
and develop into sawtooth oscillations if the junction length becomes comparable to the coherence
length ξ = ~vF /∆ of the superconductor, and in later case a supercurrent reversal can be observed.
These findings may provide a smoking-gun signature of vortex bound states in superconductors and
promise possible applications in future Josephson devices.
PACS numbers: 74.50.+r,74.45.+c, 73.20.-r,73.40.Gk
The Josephson effect is a kind of macroscopic quan-
tum phenomenon, first predicted by Brian Josephson
that the cooper pairs can tunnel through weakly coupled
superconductors[1]. It also exists if superconductors are
connected by a weak link of any physical nature[2, 3].
In a clean SNS junction, the Josephson effect is
remarkably different from the Josephson tunnel junc-
tions. The underlying mechanism is the coherent An-
dreev refletion[4]. Interference between Andreev reflected
electronlike and holelike excitation wavefunctions in the
quantum well formed by the pair potentials of the su-
perconductors leads to the formation of Andreev bound
states[5]. It is shown that a significant portion of super-
current is carried by the discrete Andreev levels[6, 7], and
the critical current(the maximum current) decreases ex-
ponentially with temperature[5]. Introduction of impuri-
ties in the normal region would suppress the Josephson
supercurrent[7]. If the normal region becomes a quan-
tum point contact[8], the critical current may be an inte-
ger multiple of e∆/~, where 2∆ is the energy gap of the
superconductor.
The existence of bound states inside a vortex, where
the pair potential of the superconductor is zero, is pre-
dicted by Caroli, de Gennes, and Matricon[9] and con-
firmed with controversy[10] long after its discovery. The
vortex bound states are still the Andreev bound states.
Vortices in chiral P-wave superconductors or superfluid
may even support zero-energy majorana modes[11, 12],
one of the appealing candidates for topological quantum
computation[13]. Tunneling between the majorana zero
modes at two vortices are investigated[14], demonstrat-
ing that the tunneling amplitude depends on the phase
difference of the order parameters at the two vortices and
decays exponentially with the distance between the vor-
tices.
A question arises that what happens when both the
vortex bound states and Andreev bound states appear
in an SNS junction. One may suggest intuitively that
the tunneling between vortex bound states also carry
a portion of supercurrent, besides the Andreev bound
states, at least in the short junction case. So an enhance-
ment of the supercurrent in the presence of vortex bound
states can be expected. For this purpose, we propose an
SNS junction that can support both the vortex bound
states and the Andreev bound states, and investigate the
supercurrent-phase characteristics in such a particular
setup. The proposed SNS junction is very similar to the
hybrid structures based on topological insulators[15, 16].
It is known that the surface of a topological insulator can
be described by a Dirac Hamiltonian[17]. In this sense,
our proposed SNS Josephson junction can be considered
as the Schro¨dinger version of the similar topological SNS
junctions[15, 16].
The SNS Josephson junction under consideration
consists of two s-wave superconductive planar slabs,
each with a hole, and a hollow cylindrical normal
slab. The superconductive slabs are connected ide-
ally by the normal slab(see Fig. 1(a)). Here ”ide-
ally” means that neither barriers at the junctions nor
Fermi velocity mismatch between the superconductor
and the normal conductor are considered. Unlike the
Dirac version of the junction based on topological in-
sulators with insulating bulk and conducting surface,
it may pose an experimental challenge to realize the
proposed SNS junction. One possibility of realiza-
tion is to prepare a shaped two-dimensional electron
gas(2DEG) by heterostructure(GaAs/AlxGa1−xAs) en-
gineering, and then introduce superconductivity at the
2DEG planes by the proximity effect[12].
The surface superconductor in the presence of a vortex
with a flux quantum Φ0 = hc/2e can be described by the
Bogoliubov-de Gennes Hamiltonian[2] with an inhomo-
geneous pair potential ∆(ρ)
HS =
[
He ∆(ρ)
∆∗(ρ) Hh
]
, (1)
2where He = −~2(eρ∂ρ+eθ∂θ/ρ+ ieAθeθ/~c)2/2m−EF ,
Hh = −H ∗e are the single-electron and single-hole
Hamiltonian. We choose a gauge such that the pair po-
tential takes the form ∆(ρ) = ∆(ρ)e−iθ , with ∆(ρ) ∝ ρ
as ρ → 0 and ∆(ρ) = ∆ at distances ρ > ξ. Ex-
pressing the two-component wavefunctions in the form
ΨS(ρ, θ) = exp(iµθ− iθσz/2)[u(ρ), v(ρ)]T , we obtain the
following Bogoliubov-de-Gennes equation
{
− ~
2
2m
[1
ρ
d
dρ
(
ρ
d
dρ
)
− 1
ρ2
(
µ− σz
2
+
σzeρ
~c
Aθ(ρ)
)2
+ k2F
]
σz +∆(ρ)σx − E
}[ u(ρ)
v(ρ)
]
= 0, (2)
where eρAθ(ρ)/~c = Hρ
2/2Φ0 ∼ Hξ2/2Φ0 ∼ H/Hc2 ≪
1 and therefore the magnetic field effect can be safely
neglected. Unfortunately Eq. () can not be solved ex-
actly, we resort to approximate solutions following the
perturbation treatment of Calori et al.[9] and find[18]
ΨS(ρ, θ) =
∑
µ
ei(µθ−iσzθ/2)
{
C1µH
1
µ′(kF ρ)
[ eiℜ(ρ)
e−iℜ(ρ)
]
+C2µH
2
µ′(kF ρ)
[ e−iℜ(ρ)
eiℜ(ρ)
]}
e−ℑ(ρ),(3)
with H1,2µ′ being Hankel functions of the first and sec-
ond kind indexed by µ′ = (µ2 + 1/4)1/2 and ℑ(ρ) =∫ ρ
0 ∆(r)dr/~vF . Single valuedness of wavefunctions re-
stricts µ to take only half-integral values. The term
ℜ(ρ) = π/4 + ℜ1 = π/4 −
∫∞
ρ
e2[ℑ(ρ)−ℑ(r)](E/~vF +
µ/2kF r
2)dr represents a phase shift in the presence of
the vortex.
Particles propagating on the normal cylindrical surface
satisfy the Schro¨dinger equation on the curved space[18]
σz [− ~
2
2m
(∂2z +
1
R2
∂2θ )− EF ]ΨC(θ, z) = EΨC(θ, z). (4)
The two-component wavefunctions are
ΨC(z, θ) =
∑
ν
eiνθ
[ D1+ν eikν+z +D1−ν e−ikν+z
D2+ν e
ikν
−
z +D2−ν e
−ikν
−
z
]
, (5)
where kν± = [2m(EF±E)/~2−ν2/ρ2]1/2 are the wave vec-
tors of the electronlike and holelike excitations, respec-
tively. Note that we have neglected the small magnetic
field effect as well, since the magnetic field is extended
over a radius much greater than the cylinder radius R.
Excitation spectrum can be obtained by matching the
wavefunctions on the upper and lower superconductive
surfaces with the wavefunction on the normal cylin-
drical surface at the boundaries ρ = R. A detailed
matching procedure is given in[18]. The excitation en-
ergy as a function of the superconducting phase differ-
ence φ with a fixed angular momentum µ = n ± 1/2
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FIG. 1. (a) SNS junction with vortices. Two superconduc-
tive planar slabs, each with a hole of radius R, are connected
ideally to a normal cylindrical slab of radius R and length L
to form an SNS junction. The red peaked lines are sketched
to represent the vortex bound states localized inside the hole
region. (b) Schematic view of transport processes of cooper
pairs. Cooper pairs can be transported from one supercon-
ductive slab to the other through the Andreev subbands (blue
lines) on the cylindrical surface, or by coherent tunneling via
vortex bound levels (red lines). Note that the vortex levels
can be hybridized with the Andreev subbands if their angular
momenta are coincident.
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FIG. 2. The supercurrent-phase relation I(φ) at zero tem-
perature as kFR = 2 is computed for kFL = 1 (red solid),
kFL = 2 (green dashed), kFL = 5 (blue dotted), kFL = 10
(cyan dash-dotted), kFL = 13 (magenta dash-dot-dotted) and
kFL = 15 (dark yellow short-dashed). Other parameters are
chosen as kF ξ = 10, kF ξsc = 4. The results of the gedenken
junction with the same parameters are plotted in the inset.
is approximately determined by the equation (k
µ−1/2
+ −
k
µ+1/2
− )L − 4ℜ1(R) ± φ = (2n + 1)π. Compared with
the Andreev spectrum equation given by Eq. (22) in
[18] for a gedenken junction, one observes that the vor-
tex bound state effects are encoded in an additional
phase term −4ℜ1(R). To estimate the value of the
function ℜ1(R), we approximate the pair potential near
the vortex center by ∆(ρ) ≈ ∆ρ/(ρ2 + 2ξ2sc)1/2, where
ξsc = (D/2∆)
1/2 ≪ ξ is the ”dirty-limit” coherence
length of the superconductive surfaces with diffusion con-
3stant D. In the regime of interest, kFR ≫ 1, R ≪ ξ,
ℜ1(R) ≈ ℜ1(0) ≈ −E/2∆ + µ ln(ξ/ξsc)/kF ξ. The en-
ergy separation of vortex states is then estimated to be
∆2/EF , consistent with the results of Calori et al..[9]
The Josephson current is an equilibrium property of
superconductors, and can be expressed by[18, 19]
I = −2e
~
0<Eµ<∆∑
µ
tanh
( Eµ
2kBT
)∂Eµ
∂φ
, (6)
where the summation is over all the discrete subgap An-
dreev levels. At zero temperature, the Josephson super-
current is I = − 2e
~
∑
µ;0<Eµ
∂Eµ
∂φ .
Consider first the SNS junction without the cylin-
der connection. Two vortices can still host bound
states. The wavefunctions of the vortex bound
states may extend somewhere along the axial di-
rection of the cylinder, since any physical slabs
have a finite thickness. The bound state wavefunc-
tions inside the vortex cores are given by ψv(r) ∝
[ei
φ
2 ei(µ−
1
2
)θJµ−1/2, e
−iφ
2 ei(µ+
1
2
)θJµ+1/2]
TΦµ(ρ)e
−k⊥F |z|,
where Jµ∓1/2 are Bessel functions with argument
(k⊥ ± mǫµ/h2k⊥)ρ, Φµ is a decaying function,
k⊥F ≈ kF [µ2/(kFR)2 − 1)]1/2. The amplitude
for tunneling between the two vortices can be
estimated from the Bardeen’s well-know trans-
fer hamiltonian method[20] and is proportional to∫
dρdθρ[ψ1†v ∂ψ
2
v/∂z − ∂ψ1†v /∂zψ2v] ∝ sin(φ/2)e−k
⊥
F L.
From this expression we see that only the vortex bound
states with small angular momentum favor an effective
tunneling. Adiabatic connection of the conductive cylin-
drical surface with the superconductive surfaces opens
up conductive channels to transport cooper pairs by the
formation of the Andreev subbands. On the other hand,
it leads to hybridization between the vortex bound states
and the Andreev subbands on the cylindrical surface.
The hybridization becomes most pronounced when the
corresponding angular momenta are coincident.
The supercurrent of a Josephson junction exhibits
usual sinusoidal relation as a function of the supercon-
ducting phase difference. In Fig. 2 we present some
examples of supercurrent-phase relation for the junction
with fixed radius kFR = 2 and different lengths L. The
evolution period of supercurrent with the phase differ-
ence is still 2π as in the usual SNS junction case. The
2π-periodicity of the supercurrent evolution is originated
from 2π-periodicity of the energy spectra. At φ = ±π the
positive and negative Andreev modes have combined to
form a standing wave with ∂E±/∂φ[7], which are clearly
shown in the excitation energy spectra in Fig. 3. There-
fore the Josephson current drops to zero at φ = ±π.
A striking phenomenon is observed that the supercur-
rent develops step structures in response to the increase
of the superconducting phase difference. The number of
steps within one half period is the same as the number
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FIG. 3. Excitation spectra of the junction with different cylin-
der lengths kFL indicated by the number in the figures. The
other parameters are the same as in Fig. 2.
of effective supercurrent-carrying modes, which can be
confirmed from the excitation spectra in Fig. 3. To the
best of our knowledge, This observation has never been
reported before. It can be considered as the fingerprint of
the proposed junction. By comparing the supercurrent
in the presence and in the absence of the vortices, we
find that the vortex-state-mediated critical supercurrent
is enhanced with an amount of about 33 percent in the
short junction limit L = 0.1ξ, which drops rapidly (about
38 percent) as the cylinder length is doubled(L = 0.2ξ)
that implies tunneling characteristics between the two
vortices. In addition to the pronounced step structures,
the supercurrent also declares a reversal as long as L ≥ ξ,
with a significant suppression of the critical supercurrent
when compared to the gedenken junction case.
The number of propagating channels on the cylindrical
surface is given by 2kFR − 1. There exist three nearly
degenerate propagating channels ν = 0,±1 in the present
case kFR = 2, so the critical supercurrent through the
gedenken junction can approach 3e∆/~ in the short junc-
tion limit. Significant enhancement of the supercurrent
as kFL = 1 in the presence of vortex bound states is
due to the formation of additional transport channels,
which is clearly shown in Fig. 3. However, these ad-
ditional channels with small angular momentum carry
a significant supercurrent(they belong to effective trans-
port channels), such as the |µ| = 52 , 72 , 92 channels, the
others with large angular momentum do not. Formation
of these additional transport channels is originated from
effective coherent tunneling between the vortex bound
states with small angular momentum. When the angu-
lar momentum of a vortex bound state is coincident with
that of an Andreev subband, there would be a hybridiza-
tion between them, and the three degenerate Andreev
subbands split.
The observed step structure can be well understood
from the excitation spectra given in Fig. 3. With the
increase of the superconducting phase difference, more
and more effective propagating channels are involved in
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FIG. 4. Supercurrent-phase relation I(φ) at different temper-
atures of the junction with cylinder length (a) kFL = 2 and
(b) kFL = 13. The other parameters are the same as in Fig.
2.
transporting cooper pairs, resulting in step increase of
the supercurrent. If the cylinder length exceeds a critical
value, no effective propagating channels can be formed
from the vortex state tunneling. However, hybridization
between the vortex bound states and the Andreev sub-
band is still possible as long as their angular momenta
are coincident, while the other vortex bound states with
large angular momentum behave as impurities someway.
The hybridization leads to splitting of the almost degen-
erate Andreev subbands and modifies the phase differ-
ence dependence of the subband energy, especially for
the subband with angular momenta µ = ± 32 . It is just
such a hybridization that finally leads to a supercurrent
reversal, and the impurity-similar effect that leads to the
suppression of the critical current[7].
The finite-temperature supercurrent through the junc-
tion is given in Fig. 4, corresponding to Fig. 2 at zero
temperature in the short junction limit(L = 0.2ξ) and
in the intermediate junction case(L = 1.3ξ). At finite
temperatures, supercurrent is reduced , while the step
structure persists in the short junction limit and develops
into a sawtooth oscillation structure in the intermediate
junction case. Temperature influences the supercurrent
through the combination of Fermi factors tanh(E/2kBT )
in Eq. (6). Notice the fact that the thermally energy-
averaging function tanh(E/2kBT ) is more effective with
smaller energies, it is not difficult to understand that
supercurrent persists its step structure in the short junc-
tion limit and develops into a sawtooth oscillation in the
intermediate junction case.
A final remark is on the effect of impurities on the
supercurrent-phase evolution. The impurities on the su-
perconductor have already been considered by introduc-
ing a ”dirty-limit” coherence length ξSC . It is known
that a single impurity inside the normal part of a one-
dimensional SNS junction behaves as a phase modulator
and suppresses the supercurrent[7]. If several impurities
are introduced on the normal cylindrical surface, more
complicated supercurrent step structure can be expected.
We argue that the supercurrent will be not suppressed
significantly by the impurities, since quasiparticles can
easily bypass the impurities in our case.
In summary, we have proposed a SNS junction sup-
porting vortex bound states, and found a striking
vortex-state-mediated Josephson effect. The vortex-
state-mediated supercurrent may evolve in a step or saw-
tooth fashion in response to increasing the superconduct-
ing phase difference, and its magnitude may be signifi-
cantly enhanced or suppressed, depending on the junc-
tion length. Moreover these striking supercurrent char-
acteristics can not be smeared out by thermal effects and
impurity effects, thus provide a smoking-gun evidence for
the existence of vortex bound states in type-II supercon-
ductors.
Discussions with Yi-bin Huang are gratefully acknowl-
edged.
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SUPPLEMENTARY ONLINE MATERIAL
PERTURBATIVE SOLUTIONS OF THE BDG EQUATION
The Bogoliubov-de-Gennes equation () in the maintext with an inhomogeneous pair potential ∆(ρ) can not be
solved exactly. In the extreme Type II limit, the magnetic effect may be neglected. Equation is then reduced to
{
− ~
2
2m
[1
ρ
d
dρ
(
ρ
d
dρ
)
− 1
ρ2
(
µ2 +
1
4
)
+ k2F
]
σz +∆(ρ)σx
}[
u(ρ)
v(ρ)
]
=
(
E +
µ~2
2mρ2
)[
u(ρ)
v(ρ)
]
. (7)
Consider a radius rc such that (µ+1/2)/kF ≪ rc ≪ ξ, we seek solutions for r > rc and separate the two component
wavefunction into a rapidly oscillating part H1,2µ′ (kF ρ) and a slowly varying part R±(kF ρ) with µ
′ = (µ+ 1/4)1/2
[ u(ρ)
v(ρ)
]
=
[ R+(ρ)
R−(ρ)
]
H1,2µ′ (kF ρ), (8)
the Hankel functions satisfy the equation −H ′′ − H ′/ρ + (µ′2/ρ2 − k2F )H = 0. Since the asymptotic form of the
Hankel functions is H1,2n (x) = (2/πx)
1/2 exp[±i(x+n2/2x−nπ/2−π/4)] , we have dH1,2µ′ (kF ρ)/dρ ≈ ±ikFH1,2µ′ (kF ρ).
Substitution of Eq. (8) into Eq. (7) yields the following equation for the envelop functions
[
− iσz ~
2kF
m
d
dρ
+∆(ρ)σx
][ R+(ρ)
R−(ρ)
]
=
(
E +
µ~2
2mρ2
)[ R+(ρ)
R−(ρ)
]
. (9)
Note that the envelope functions corresponding to the Hankel functions of the first and second kind are complex
conjugate each other. For low-energy excitations E ≪ ∆, the right-hand side of Eq. (9) can be treated as a
perturbation and it will be solved to first order. The envelope functions can be expressed in the form [R+(ρ), R−(ρ)]
T =
[eiS(ρ), e−iS
∗(ρ)]T . After substituting it into Eq. (9), and expanding S(ρ) to first order, i.e., S = ℜ+ iℑ = S0 + S1 =
ℜ0 + ℜ1 + i(ℑ0 + ℑ1), we obtain
~vF
d(ℜ0 + ℜ1)
dρ
+∆(ρ)cos[2(ℜ0 + ℜ1)] = E + µ~
2
2mρ2
,
~vF
d(ℑ0 + ℑ1)
dρ
−∆(ρ)sin[2(ℜ0 + ℜ1)] = 0. (10)
The zero-order solutions are ℜ0 = π/4, ℑ0 =
∫ ρ
0 ∆(r)dr/~vF , and the first-order solutions are ℑ1 = 0,
ℜ1(ρ) = −
∫ ∞
ρ
e2[ℑ0(ρ)−ℑ0(r)]
( E
~vF
+
µ
2kF r2
)
dr. (11)
DERIVATION OF THE HAMILTONIAN FOR THE NORMAL CYLINDRICAL SURFACE
The Schro¨dinger equation for particles moving on a flat surface is i~∂tψ(x, y) = [−~2∇2/2m + V (x, y)]ψ(x, y) =
[−~2(∂2x + ∂2y)/2m + V (x, y)]ψ(x, y). If particles are confined ideally to a curved surface embedded in the three-
dimensional Euclidean space, the derivative ∂j must be replaced by its covariant form Dj defined as DjA
i = ∂jA
i +
ΓijkA
k, and the Laplacian∇2 by the Laplace-Beltrami operator g−1/2∂i(gijg1/2∂j). Here gij = ei ·ej = ∇ui ·∇uj is the
metric tensor of the curved space, Γijk = e
i ·∂2jkr are the Christoffel symbols, and g = det(gij) with gij = ei ·ej = ∂ir ·
∂jr. After parameterizing the cylindrical surface by (u
1, u2) = (θ, z), the position vector reads r = (Rcosθ,Rsinθ, z).
The components of the metric tensor are g11 = 1/g11 = 1/ρ
2, g22 = g22 = 1, g
12 = g21 = g12 = g21 = 0, and all the
6Christoffel symbols are zero. Then the Schro¨dinger equation for electrons moving free on the cylindrical surface takes
the form i~∂tψ(θ, z) = [−~2(∂2θ/R2 + ∂2z )/2m]ψ(θ, z). It is noted that the above equation differs from that obtained
from the thin-layer procedure[21] by a constant effective potential −~2/8mR, which is trivial and can be absorbed
into the Fermi energy.
MATCHING CONDITIONS AND EXCITATION SPECTRA
To determine the excitation spectrum of interest, one faces up with how to match wavefunctions at a sharp cor-
ner. Any real manifold must be smooth and the transition between different charts should be C∞ differentiable.
A proper procedure is to smooth the sharp edge into a quarter-circle of neglected radius. Rotational symmetry of
the structure allows us to match the wavefunctions at any polar angle. To ensure current conservation in the ab-
sence of tunneling between the vortex bound states, wavefunctions and their derivatives must be continued at the
boundaries:∓ΨC(θ, z)∂zΨC(θ, z)|z=0,L = ΨS(ρ, θ)∂ρΨS(ρ, θ)|ρ=R. The minus sign is due to a reversal of the current
flowing on the upper and lower surface. Taking into consideration the orthogonality relation
∫ 2pi
0 e
i(n−n′)θdθ = 2πδn,n′ ,
we obtain a set of equations to match the wavefunctions on the upper(A) and lower(C) superconductive surfaces to
the wavefunctions on the cylindrical surface(B)
A1µH
1
µ′(kFR)
[ eiS+iφ
e−iS
∗
]
+A2µH
2
µ′(kFR)
[
e−iS
∗+iφ
eiS
]
=
[
B1+ν1 +B
1−
ν1
B2+ν2 +B
2−
ν2
]
, (12)
A1µH
1
µ′(kFR)
[ eiS+iφ
e−iS
∗
]
−A2µH2µ′(kFR)
[
e−iS
∗+iφ
eiS
]
= −
[
k˜ν1+ (B
1+
ν1 −B1−ν1 )
k˜ν2− (B
2+
ν2 −B2−ν2 )
]
, (13)
C1µH
1
µ′(kFR)
[ eiS
e−iS
∗
]
+ C2µH
2
µ′(kFR)
[
e−iS
∗
eiS
]
=
[
B1+ν1 e
ik
ν1
+
L +B1−ν1 e
−ik
ν1
+
L
B2+ν2 e
ik
ν2
−
L +B2−ν2 e
−ik
ν2
−
L
]
, (14)
C1µH
1
µ′(kFR)
[ eiS
e−iS
∗
]
− C2µH2µ′(kFR)
[
e−iS
∗
eiS
]
=
[
k˜ν1+ (B
1+
ν1 e
ik
ν1
+
L −B1−ν1 e−ik
ν1
+
L)
k˜ν2− (B
2+
ν2 e
ik
ν2
−
L −B2−ν2 e−ik
ν2
−
L)
]
, (15)
where ν1,2 = µ∓ 1/2, and k˜νi± = kνi± /kF are valued at ρ = R. To obtain this set of matching equations, we have also
used the fact that dH1,2µ′ (kF ρ)/dρ ≈ ±ikFH1,2µ′ (kF ρ) and |dS(ρ)/dρ| ≪ kF . It seems most convenient to absorb the
Hankel functions and the real parts of the exponentials into the corresponding expansion coefficients. By adding and
extracting Eqs. (12) and (13), (14) and (15), we obtain two equations for just two expansion coefficients, say B1±,
after some simple algebraic manipulations. The resulting equation to determine the excitation spectrum is
[
1− k˜ν12+
][
[1− k˜ν22−
]
sin(kν1+ L)sin(k
ν2
− L) +
{
4k˜ν1+ k˜
ν2
− cos(k
ν1
+ L)cos(k
ν2
− L) +
[
1 + k˜ν12+
][
[1 + k˜ν22−
]
sin(kν1+ L)sin(k
ν2
− L)
}
cos(4ℜ1) + 2
{[
1 + k˜ν12+
]
k˜ν2− sin(k
ν1
+ L)cos(k
ν2
− L)− k˜ν1+
[
1 + k˜ν22−
]
cos(kν1+ L)sin(k
ν2
− L)
}
sin(4ℜ1) + 4k˜ν1+ k˜ν2− cosφ = 0.
This equation seems unsatisfactorily complicated. However, in the Andreev approximation k˜νi± ≈ 1, it can be reduced
to a desirable form
(kν1+ − kν2− )L− 4ℜ1(R)± φ = (2n+ 1)π. (16)
ANDREEV SPECTRA FOR THE GEDENKEN SNS JUNCTION
In this section, we use the scattering matrix method to derive the Andreev spectra for a Gedenken SNS junction.
The Gedenken junction is an idealization of the structure described in the maintext, allowing a uniform pair potential
for ρ ≥ R while prohibiting the appearance of vortex bound states. The Bogoliubov-de-Gennes equation with fixed
angular momentum µ becomes
{
− ~
2
2m
[1
ρ
d
dρ
(
ρ
d
dρ
)
− µ
2
ρ2
+ k2F
]
σz +∆(cosφσx − sinφσy)
}[
u(ρ)
v(ρ)
]
= E
[
u(ρ)
v(ρ)
]
. (17)
7The eigenfunctions of single electron(hole) HamiltonianHe,h = ∓~2[dρ(ρdρ)/ρ−µ2/ρ2]/2m are just Hankel functions
ψe,hk (ρ) = H
1,2
µ (kρ), and satisfy the relation He,hH
1,2
µ (kρ) = ±~2k2H1,2µ (kρ)/2m. Expressing the two-component wave
functions [u(ρ), v(ρ)]T in the form [aeiφ, b]TH1,2µ (kρ), we obtain the eigenvalues of the Bogoliubov-de-Gennes equation
E = ±
√[
~2(k2 − k2F )
2m
]2
+∆2, (18)
where ± symbols the electronlike and holelike branch of the excitation spectrum. The constituting electron- and hole-
amplitudes for these two-branch wavefunctions are
E > 0 : a =
√
∆
2E
e
1
2
cos−1 E
∆ , b =
√
∆
2E
e−
1
2
cos−1 E
∆ ; (19)
E < 0 : a =
√
∆
2E
e−
1
2
cos−1 E
∆ ; b =
√
∆
2E
e
1
2
cos−1 E
∆ . (20)
The wave vectors of electronlike and holelike excitations are given by k± = kF
√
1±√E2 −∆2/EF . Therefore the
scattering state of the superconductors can be expanded as ψS±e = [ue
iφ, v]H1,2µ (k+ρ) and ψ
S±
h = [ve
iφ, u]H1,2µ (k−ρ).
For the cylindrical surface Hamiltonian, The propagating electronlike and holelike modes on the normal cylindrical
surface are described by ψ±e (z) = [1, 0]
T e±ik
ez and ψ±h (z) = [0, 1]
T e±ik
hz, ke,h = kµF
√
1± E/EµF , where EµF =
EF − ~2µ2/2mR2 and kµF =
√
2mEµF/~. In the Andreev approximation, normal reflection probability is too small to
be considered. An electron-like excitation ψS−e , incidenting at ρ = R from the upper superconductive surface, may be
Andreev reflected as a hole-like quasiparticle with wavefunction rehψ
S−
h onto the same surface, or transmitted onto
the other lower superconductive surface with teeψ
S+
e . The supporting propagation models on the cylindrical surface
are aψ+e (z) + bψ
+
h (z). Connecting these scattering states at the boundaries yields the transmission amplitude
tee =
(u2 − v2)H2µ(k+R)
H1µ(k
+R)(u2eiφe−ikeL − v2e−ikhL) . (21)
The Andreev spectrum is then determined by the resonance condition
− 2cos−1E
∆
± φ+ (ke − kh)L = 2nπ. (22)
DERIVATION OF THE JOSEPHSON CURRENT FORMULA
We give an alternative and thorough derivation of the Josephson current formula, starting from a simple excitation
scenario usually adopted in condensed matter physics.
The Josephson current is an equilibrium thermodynamical property of superconductors. It can be associated
with the variation of some kind of thermodynamic potential with respect to vector potential or superconducting
phase variation. Consider a single-particle Hamiltonian H = mvˆ2/2 + V (r) = (pˆ − qA/c)2/2m + V (r) and an
infinitesimal variation δA, the variation of the Hamiltonian is δHˆ = −qvˆ · δA/c = −q ∫ dr(|r >< r|vˆ + vˆ|r ><
r|) · δA/2c = − ∫ drJˆ · δA/c. Then the single-particle current density operator Jˆ equals to −cδHˆ/δA. Now we turn
to many particle canonical ensemble systems, the quantum ensemble average of the current density is J = 〈Jˆ〉 =
tr[Jˆe−Hˆ/kBT ]/tre−Hˆ/kBT = cδF/δA, F = −kBT lntre−Hˆ/kBT is the free energy. According to the gauge theory of
superconductors[2], variation of the vector potential δA will induce a variation in the gradient of the superconducting
phase ~c2eδ∇φ. The current density may then be written equivalently as J = 2e~ δFδ∇φ . Since δF =
∫
dr δFδ∇φ · δ∇φ =
~
2e
∫
ds · dlφJ · δ∇φ = ~2eIδ
∫
dl · ∇φ = ~2eIδ
∫
l dφ =
~
2eIδ∆φ, the Josephson current is therefore written in a familiar
form[19] I = 2e
~
∂F
∂∆φ .
The mean-field BCS Hamiltonian for a phase-gradient inhomogeneous superconductor may be generally written as
Hˆ = E0 +
∑
qσ Eq(∆φ) : nˆqσ :, where::represents normal ordering, E0 is the ground state energy independent of the
superconducting phase, Eq is the excitation energy and generally depends on the gradient of the superconducting
phase. The canonical partition function is Z = tre−Hˆ/kBT = e−E0/kBT e
∑
q
Eq/kBT
∏
q,σ(1 + e
−Eq/kBT ), and the
free energy yields F = E0 − 2kBT
∑
q ln[2cosh(Eq/2kBT )]. Since we have normally ordered the Hamiltonian, the
summation over q should be counted from the ground state energy, i.e., Eq > 0. One can also alternatively derive
8the free energy from statistical physics. F = U − TS = U + kBT
∑
iσ [fiσlnfiσ + (1 − fiσ)ln(1 − fiσ)], where
fiσ = 1/[exp(Eiσ/kBT ) + 1] is the Fermi-Dirac distribution function . Simple algebra yields F = U +
∑
i(−Ei)fiσ +∑
iEi(1 − fiσ) − 2kBT
∑
i ln[2cosh(Ei/2kBT )] = E0 − 2kBT
∑
q ln[2cosh(Eq/2kBT )]. The above analysis indicates
that, the Josephson current flows along the direction of the gradient of the superconducting phase, and can be
expressed as
I = −2e
~
0<Eq<∆∑
q
tanh
( Eq
2kBT
) ∂Eq
∂∆φ
− 2e
~
∫ ∞
∆
dEρS(E)tanh
( E
2kBT
) ∂E
∂∆φ
. (23)
The first and second terms represent respectively the contributions from the discrete subgap Andreev levels and
the continuum states above the gap.
